Abstract. We introduce the notion of dual perfect bases and dual perfect graphs. We show that every integrable highest weight module V q (λ) over a quantum generalized Kac-Moody algebra U q (g) has a dual perfect basis and its dual perfect graph is isomorphic to the crystal B(λ). We also show that the negative half U − q (g) has a dual perfect basis whose dual perfect graph is isomorphic to the crystal B(∞). More generally, we prove that all the dual perfect graphs of a given dual perfect space are isomorphic as abstract crystals. Finally, we show that the isomorphism classes of finitely generated graded projective indecomposable modules over a KhovanovLauda-Rouquier algebra and its cyclotomic quotients form dual perfect bases for their Grothendieck groups.
Introduction
In [1] , Berenstein and Kazhdan introduced the notion of perfect bases for integrable highest weight modules over Kac-Moody algebras. Using the properties of perfect bases, they obtained Kashiwara's crystal structure without taking quantum deformation and crystal limits.
Their work was extended by Kang, Oh and Park to the integrable highest weight modules V q (λ) (λ ∈ P + ) over a quantum generalized Kac-Moody algebra U q (g) and to the negative half U − q (g) [7, 8] . It was shown that the upper global bases (or dual canonical bases) B(λ) and B(∞) are perfect bases of V q (λ) and U − q (g), respectively. They also showed that all the crystals arising from perfect bases of V q (λ) and U − q (g) are isomorphic to the crystals B(λ) and B(∞), respectively.
The perfect basis theory plays an important role in the categorification of quantum generalized Kac-Moody algebras. To be more precise, let A = Z[q, q −1 ] and let U − q (g) [8, 11, 12, 14] . Moreover, in [8] (see also [13] ), it was shown that the isomorphism classes of finite-dimensional graded irreducible R-modules form a perfect basis B of Q(q) ⊗ Z[q,q −1 ] [Rep(R)]. Thus B has a crystal structure which is isomorphic to B(∞).
Similarly, the cyclotomic Khovanov-Lauda-Rouquier algebra R λ (λ ∈ P + ) provides a categorification of V q (λ) in the sense that [Rep(R λ )] is isomorphic to V A (λ) ∨ , the dual of the integral form V A (λ) of V q (λ) ( [4, 5] ). As in the case with U − q (g), the isomorphism classes of finite-dimensional graded irreducible R λ -modules form a perfect basis B λ of Q(q) ⊗ Z[q,q −1 ] [Rep(R λ )] and B λ has a crystal structure which is isomorphic to B(λ). On the other hand, let Proj(R) (respectively, Proj(R λ )) be the the category of finitely generated graded projective R-modules (respectively, R λ -modules). Then they also provide a categorification of U − q (g) and V q (λ). That is, in [4, 5, 11, 12, 14] , it was shown that [Proj(R)] (respectively, [Proj(
Note that the isomorphism classes of finitely generated graded projective indecomposable modules form a basis of [Proj(R)] and [Proj(R λ )], respectively. To describe their properties, we need the dual notion of perfect bases.
When the Cartan datum is symmetric, the isomorphism classes of finite-dimensional graded irreducible modules correspond to Kashiwara's upper global basis and the isomorphism classes of finitely generated graded projective indecomposable modules correspond to Kashiwara's lower global basis(or Lusztig's canonical basis) under the categorification ( [6, 15, 16] ). However, when the Cartan datum is not symmetric, the above statement is not true in general.
Thus it is an interesting problem to characterize the bases of U − q (g) and V q (λ) that correspond to the isomorphism classes of finite-dimensional graded irreducible modules and finitely generated graded projective indecomposable modules over R and R λ . In this paper, as the first step toward this direction, we introduce the notion of dual perfect bases and dual perfect graphs. The typical examples of dual perfect bases are the lower global bases B(∞) and B(λ) of U − q (g) and V q (λ), receptively. It is straightforward to verify that that their dual perfect graphs are isomorphic to the crystals B(∞) and B(λ).
More generally, we show that all the dual perfect graphs of a given dual perfect space are isomorphic as abstract crystals. Thus every dual perfect graph of U − q (g) is isomorphic to B(∞) and the same statement holds for V q (λ).
Finally, we show that the dual basis of a perfect basis is a dual perfect basis. Therefore, the isomorphism classes of finitely generated graded projective indecomposable modules form a dual perfect basis of 
Quantum generalized Kac-Moody algebras
We first recall the basic theory of quantum generalized Kac-Moody algebras. Let I be an index set. An integral square matrix A = (a ij ) i,j∈I is called a symmetrizable Borcherds-Cartan matrix if (i) a ii = 2 or a ii ≤ 0 for all i ∈ I, (ii) a ij ≤ 0 for i = j, (iii) a ij = 0 if and only if a ji = 0, (iv) there is a diagonal matrix D = diag(s i ∈ Z >0 ) i∈I such that DA is symmetric.
An index i is real if a ii = 2 and is imaginary if a ii ≤ 0. We write I re := {i ∈ I | a ii = 2} and I im := {i ∈ I | a ii ≤ 0}. In this paper, we assume that
A quadruple (A, P, Π, Π ∨ ) consisting of (a) a symmetrizable Borcherds-Cartan matrix A = (a ij ) i,j∈I , (b) a free abelian group P , which is called the weight lattice, (c) the set of simple roots Π = {α i ∈ P | i ∈ I}, (d) the set of simple coroots
is called a Borcherds-Cartan datum if it satisfies the following properties:
for any i, j ∈ I, there is Λ i ∈ P such that h j , Λ i = δ ij , (3) Π is a linearly independent set.
The subset P + := {λ ∈ P | λ(h i ) ∈ Z ≥0 , i ∈ I} ⊂ P is called the set of dominant integral weights. We denote by Q := i∈I Zα i the root lattice and denote by Q + = i∈I Z ≥0 α i the positive root lattice. We also call h:=Q⊗ Z P ∨ the Cartan subalgebra.
We use the notation
where q i = q s i for i ∈ I and [0] q ! := 1.
Definition 1.1. The quantum generalized Kac-Moody algebra U q (g) associated with a Borcherds-Cartan datum (A, P, Π, Π ∨ ) is the associative algebra over Q(q) with unity generated by e i , f i (i ∈ I) and q h (h ∈ P ∨ ) subject to the following defining relations:
Let U − q (g) and U + q (g) be subalgebras of U q (g) generated by f i 's and e i 's (i ∈ I), respectively, and let U 0 q be the subalgebra of U q (g) generated by q h 's (h ∈ P ∨ ). Then the algebra U q (g) has the triangular decomposition:
Then we have the following commutation relations:
As we can see in [3, 9] , there exists a unique non-degenerate symmetric bilinear
We now turn to the representation theory of U q (g). A U q (g)-module V is called a highest weight module with highest weight λ if there exists a nonzero vector v λ ∈ V such that
The vector v λ is called a highest weight vector. For each λ ∈ P , there exists a unique irreducible highest weight module V q (λ) up to an isomorphism. Consider the anti-involution φ on U q (g) given by
Then there exists a unique non-degenerate symmetric bilinear form ( , ) on V q (λ) given by
The category O int consists of U q (g)-modules V satisfying the following properties:
(a) V has a weight space decomposition, i.e., V = µ∈P V µ , where
The following proposition was proved in [3] .
Every simple object of the category O int has the form V q (λ) for some λ ∈ P + .
Lower crystal bases
Let V be a U q (g)-module in the category O int . It is straightforward to verify that every vector v ∈ V can be uniquely written as
where v k ∈ ker e i with v k = 0 for k ≫ 0. We define the Kashiwara operators e i and f i (i ∈ I) by It is known that every U q (g)-module in O int has a lower crystal basis.
Proposition 2.3 ([3, 9]
). Let V q (λ) (λ ∈ P + ) be the irreducible highest weight module in the category O int with highest vector v λ . Then V (λ) has a unique lower crystal basis (L(λ), B(λ)), where
Similarly, using the operator e ′ i in place of e i , we can develop the lower crystal basis theory for U − q (g). In particular, we have the following proposition. Proposition 2.4 ( [3, 9] ). Let
Then the pair (L(∞), B(∞)) is a unique lower crystal basis of U − q (g). Motivated by the properties of lower crystal bases, we define the notion of abstract crystals and crystal morphisms as follows.
Definition 2.5. An abstract crystal is a set B together with the maps wt : B → P , ϕ i , ε i : B → Z ∪ {−∞} and e i , f i : B → B ∪ {0} with the following properties:
( 
Definition 2.6. Let B 1 and B 2 be abstract crystals. A crystal morphism between B 1 and B 2 is a map ψ : B 1 → B 2 ⊔ {0} with the following properties:
(1) For b ∈ B 1 , ψ(b) ∈ B 2 and i ∈ I, we have wt(
Lower global bases
Let V be a vector space over Q(q) and let
Let L A (respectively, L 0 and L ∞ ) be a free A-submodule (respectively, free A 0 -submodule and free A ∞ -submodule) of V such that Consider the Q-algebra automorphism − : U q (g) → U q (g) given by
Define an involution − of V q (λ) by
where P ∈ U q (g) and v λ ∈ V q (λ) is the highest weight vector. (i) For any n ∈ Z ≥0 and b ∈ B(λ) (respectively, b ∈ B(∞)), the subset
Let (L(λ), B(λ)) be the lower crystal basis of V q (λ) given in Proposition 2.3 and let U
(ii) For any i ∈ I and b ∈ B(λ) (respectively, b ∈ B(∞)), we have
where the sum ranges over
Dual perfect bases
In this section, we introduce the notion of dual perfect bases. Fix a BorcherdsCartan datum (A, P, Π, Π ∨ ) and let k be a field.
Definition 4.1. Let V = µ∈P V µ be a P -graded k-vector space and let {f i } i∈I be a family of endomorphisms of V . We say that (V, {f i } i∈I ) is a pre-dual perfect space if it satisfies the following conditions.
(1) There exist finitely many elements λ 1 , . . . , λ k ∈ P such that wt(V )
For each i ∈ I and v ∈ V \ {0}, define ℓ i (v) to be the non-negative integer n such Proof. It suffices to show that every irreducible highest weight module V q (λ) (λ ∈ P + ) has a dual perfect basis. Let B(λ) = {G(b) | b ∈ B(λ)} be the lower global basis of V q (λ). Define
Then by Proposition 3.3, B(λ) is a dual perfect basis.
Let B be a dual perfect basis of a P -graded k-vector space V . (i) For any b ∈ B and n ∈ Z ≥0 , there exists c ∈ k × such that
(ii) For any i ∈ I and n ∈ Z ≥0 , we have
(iii) For any b ∈ B, we have
(v) For any n ∈ Z ≥0 , the image of {b ∈ B | ℓ i (b) = n} is a basis of f We shall show (i) by induction on n. If n = 0, 1, (i) is obvious. Assume n > 1. Then the induction hypothesis implies that f
which easily follows from (i). Then (ii) follows from (f k i V ) λ = 0 for any λ ∈ P and k ≫ 0.
(iii), (iv) and (v) easily follow from (ii).
Let B be a dual perfect basis of a P -graded k-vector space V . For b ∈ B, we define
We also define the maps ε i , ϕ i : B → Z ∪ {−∞} by
where the map wt : B → P is given by wt(b) = µ if b ∈ B µ . Then it is straightforward to verify that (B, e i , f i , ε i , ϕ i , wt) is an abstract crystal, which will be called the dual perfect graph. Proposition 4.5. Let B(λ) be the global basis of V (λ) (λ ∈ P + ). Then B(λ) is isomorphic to B(λ) as an abstract crystal.
Proof. Recall that B(λ) becomes a dual perfect basis by defining
, which proves our claim.
Remark 4.6. Let g be the generalized Kac-Moody algebra associated with a BorcherdsCartan datum. By taking the classical limit in Proposition 3.3, it follows that every irreducible highest weight g-module V (λ) (λ ∈ P + ) has a dual perfect basis whose dual perfect graph is isomorphic to B(λ) as an abstract crystal. (i) The algebra U − q (g) has a dual perfect basis.
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(ii) The lower global basis B(∞) is isomorphic to B(∞) as an abstract crystal.
Proof. As in Proposition 4.3 and Proposition 4.5, the lower global basis B(∞) satisfies our assertions.
Properties of dual perfect bases
Let k be a field, and B be a dual perfect basis of (V, {f i } i∈I ). For b ∈ B and i ∈ I, we set e We also use the notations
. We say that a sequence i = (i k ) k≥1 is good if {k ∈ Z >0 | i k = i} is an infinite set for any i ∈ I. We say that a sequence l = (l k ) k≥1 of non-negative integers is good if l k = 0 for k ≫ 0. For a good sequence i = (i k ) k≥1 in I and a good sequence l = (l k ) k≥1 of non-negative integers, we set
Let ≺ be the lexicographic ordering on good sequences of integers, namely,
For any v ∈ V \{0} and a good sequence i = (i k ) k≥1 in I, we define L(i, v) = (l k ) k≥1 to be the largest sequence l = (l k ) k≥1 such that v ∈ V ≥l . Note that such an L(i, v) exists and is a good sequence (see Proposition 5.1 (ii)). Hence v ∈ V ≥l, i if and only if l L(i, v). (i) For any b ∈ B and a sequence l = (l 1 , . . . , l m ) of non-negative integers, there exists c ∈ k × such that
(ii) For each b ∈ B, define a sequence (b k ) k≥0 by
and let (L k ) k≥1 be the sequence of non-negative integers given by
(iii) For any good sequence l = (l k ) k≥1 of non-negative integers, we have V sends {b ∈ B n | F i (b ∨ ) = 0} to B n+1 up to a constant multiple, and sends {b ∈ B n | F i (b ∨ ) = 0} to {0}. As a conclusion, for any b ∈ B n , we have f i b ≡ c f i b mod f n+2 i V for some c ∈ k × . Thus B is a dual perfect basis.
The converse can be proved in a similar manner.
Recall that the Khovanov-Lauda-Rouquier algebra R and its cyclotomic quotient R λ provide a categorification of U q (g) and V λ q , respectively. That is, we have U
It was shown in [8, 13] 
